We perform a parameter-free calculation for the high-energy proton-nucleus scattering based on the Glauber theory. A complete evaluation of the so-called Glauber amplitude is made by using the factorization of the single-particle wave functions. The multiple-scattering or multistep processes are fully taken into account within the Glauber theory. We demonstrate that proton-12 C, 20 Ne, and
Si elastic and inelastic scattering (J π = 0 + → 2 + and 0 + → 4 + ) processes are very well described in a wide range of the incident energies from ∼ 50 MeV to ∼ 1 GeV. We evaluate the validity of a simple one-step approximation and find that the approximation works fairly well for the inelastic 0 + → 2 + processes but not for 0 + → 4 + where the multistep processes become more important.
As an application, we quantify the difference between the total reaction and radioactive-ion beams, for example, a systematic measurement of quadrupole transition strengths has shown anomalous structure changes due to neutron excess in the neutron-rich carbon isotopes [1, 2, 3, 4] .
Since short-lived nuclei cannot be used as a target nucleus, the nuclear direct reactions in the inverse kinematics have often been utilized as a tool to study the structure of such nuclei. A proton, which is the simplest probe, has often been used to populate the excited states of nuclei. Thanks to high-intensity radioactive beams, the proton inelastic scattering cross section measurements of the short-lived nuclei have become possible with use of the inverse kinematics. [5, 6, 7] . In contrast to electron and photon scattering, both proton and neutron parts of the projectile nucleus can directly be excited through the proton inelastic scattering processes. This is advantageous for studying the detailed structure of the neutron-rich nuclei where the neutron excitations are expected to be dominant. Here we focus on the proton-nucleus inelastic scattering at about 50 to the several hundred MeV where the measurements have often been made. This high-energy region is beneficial for a theoretical description as the reaction mechanism is much simpler than the low-energy region in which the complicated channel coupling effects should be taken into account [8] .
Towards the future measurements of the inelastic scattering cross sections for unstable nuclei, in this paper, we develop a parameter-free reaction theory based on the Glauber theory [9] and test it in comparison to the available experimental data. The Glauber theory is one of the most widely accepted methods to describe the nuclear reactions at high incident energies. We evaluate proton-nucleus inelastic scattering cross sections following the original Glauber theory which includes all multiple-scattering or multistep processes within the eikonal and adiabatic approximations. According to the original formulation of the Glauber theory, the inputs to the theory are wave functions (not one-body densities) of the colliding nuclei and the so-called profile function parametrized based on the total nucleon-nucleon cross section. Therefore, the theory includes no adjustable parameter. Most complicated part of the computation is the evaluation of the so-called Glauber amplitude involving multidimensional integration, which is in general difficult, and often approximate treatment has been made to avoid that difficulty. By introducing appropriate approximations, the theory successfully reproduced the observed cross sections of the unstable nuclei and revealed the evolution of the nuclear deformation in the neutron-rich isotopes [10, 11] . However, the complete and approximated Glauber amplitudes significantly deviate in case of halo nuclei where the nuclear surface is very much extended [12, 13, 14, 15] . Since the inelastic scattering occurs mainly around the nuclear surface, the complete evaluation of the Glauber amplitude which includes all the multistep processes in the Glauber theory will be necessary for a more reliable description of the scattering processes.
The purpose of this paper is to establish a reliable microscopic framework following the original Glauber theory towards future proton-nucleus inelastic cross section measurements involving the exotic nuclei. We remark that Ref. [16] reported the complete Glauber calculations for proton-12 C inelastic scattering cross sections and successfully reproduced the cross sections at ∼1 GeV. However, the form of the wave function they used is limited to an analytically integrable form such as harmonic-oscillator wave functions in which applications to heavier nuclei as well as extension to more general wave function is difficult. In the present study, we extend this approach in order to use more general forms of the wave functions. To demonstrate the power of this approach, we systematically analyze the inelastic scattering cross sections for well known nuclei 12 C, 20 Ne, and 28 Si, and compare them with the available experimental data.
The paper is organized as follows. In Sec. 2, we briefly explain the Glauber theory to describe the nuclear elastic and inelastic processes. In Sec. 2.1, the formulation to compute these cross sections is given based on the Glauber multiple- between the total reaction and interaction cross sections as they impacts on the accuracy of the radius extraction from the measured interaction cross section.
A summary is given in Sec. 6 . More details about the evaluation of the Glauber amplitude are described in Appendices A and B.
Theoretical models
The Glauber theory [9] is a powerful tool to describe the scattering processes in high-energy nucleus-nucleus collisions. In this section, we summarize how the scattering cross sections are evaluated with the Glauber theory. The Glauber amplitude is a key to the calculation of all the cross sections. Here we explain a procedure to compute it for proton-nucleus scattering.
Inelastic scattering cross sections within the Glauber theory
We consider the normal kinematics throughout this paper in which a highenergy proton is bombarded on a target nucleus for the sake of convenience, and assume that this incoming proton is not polarized. In the Glauber theory, the final state wave function of a proton and mass number A system, Φ f , is greatly simplified with the help of the adiabatic and eikonal approximations as [9] 
in which Φ f is expressed by the product of the initial-(ground-)state wave function, Φ 0 , and the product of the proton-nucleon (pN ; N = p or n for proton or neutron) phase-shift functions e iχpN (b−ŝj) withŝ j being the two-dimensional single-particle coordinate operator of the jth nucleon perpendicular to the beam direction z. We conveniently define the Glauber multiple-scattering operator as
with the pN profile function, Γ pN (b), which is usually parametrized as [17] 
where σ tot pN , α pN , and β pN are the total pN cross section, the ratio between the real and imaginary parts of the scattering amplitude at the forward angle, and the slope parameter, respectively. These parameter sets for various incident energies are taken from Ref. [18] . The validity of the profile function has been confirmed in a number of examples, not only for nucleon-nucleus scattering but also nucleus-nucleus scattering [19, 20, 10, 21, 22, 15] , and thus the profile function in Ref. [18] can be regarded as one optimal choice, although there are some ambiguity due to the experimental uncertainty, especially at the low incident energies [18] . In the incident energies below the pion production threshold, the nucleon-nucleon elastic scattering differential cross sections obtained from a realistic nucleon-nucleon interaction will be useful to reduce the uncertainty of the profile function fixed by the data fitting. This is interesting and worth investigating in the future.
The scattering amplitude from the initial ground state (α = 0) to the final state labeled with α can be calculated by [9, 23] 
where k is the wave number in the relativistic kinematics, q is the momentum transfer vector being |q| = q = 2k sin(θ/2) with the scattering angle θ in the center-of-mass (cm) system. The orthogonormality relation Φ α |Φ 0 = δ α,0 is used in this derivation. In Appendix A, we give more details about the evaluation of Eq. (4).
The elastic (α = 0) and inelastic (α = 0) scattering differential cross sections can be evaluated by
where v 0 and v α are the velocities of the initial-incoming and final-outgoing waves, respectively. In the adiabatic approximation, v α /v 0 is unity. This is reasonable when the beam energy is high enough as compared to the excitation energy of the nucleus. The inelastic scattering cross section can directly be obtained by integrating the differential cross sections over the scattering angles
It can be rewritten in terms of the so-called Glauber amplitude for the inelastic processes
where
is the the initial (final) angular momentum and its projection. The inelastic scattering cross section is evaluated by the expression
In the present work, we take another approach based on the idea presented in Ref. [26] . With use of a Slater determinant wave function, the Glauber amplitude is factorized and its multidimensional integration is reduced to the three-dimensional one on the single-particle coordinate, which can simply be evaluated by a standard numerical integration technique, e.g., the trapezoidal rule and the Gaussian quadrature. This factorization technique has been successfully applied to realistic proton-nucleus elastic scattering of various nuclear systems [19, 27, 28] . In order to apply this method to the proton-nucleus inelastic scattering computation, here we extend the expression in order to use the wave function expressed by multi-Slater determinants. An earlier study was done for the proton-12 C inelastic scattering with a specific form of the wave function [16] . Here we generalize it towards the application of using the realistic nuclear wave functions such as from the shell model, the mean-field model as well as the antisymmetrized-and fermionic-molecular dynamics models [29, 30, 31] .
We assume that the total wave function is expressed by a superposition of the antisymmetrized product of the single-particle wave functions as
where A is the antisymmetrizer, and φ
ij , and ξ (α) ij denote the jth singleparticle orbital, spin, and isospin wave functions belonging to the state α, respectively. The Glauber amplitude of Eq. (7) is written explicitly using the definition (9) as
in which the multidimensional integration of Eq. (7) is reduced to a calculable 3-fold integration in the orbital part. We note that the single-particle wave function in the above equation are not necessarily to be orthogonal with each other. We describe more details how to evaluate Eq. (10) in Appendix B.
Approximations of the Glauber amplitude
In this study, we fully include the multiple-scattering or multistep processes within the Glauber theory. In order to see these effects in the cross sections, we compare the cross sections obtained with some approximate methods. The optical-limit approximation (OLA) has widely been applied as it only requires the nuclear density distribution of the target nucleus. The OLA is derived by the leading order of the cumulant expansion of the Glauber amplitude as [9, 23] 
with r = (s, z), where ρ
00 is the one-body density of the target nucleus for proton or neutron, which is more generally defined by
wherer j is the single-particle coordinate operator of the jth nucleon. Since the cumulant expansion is a series expansion with respect to the moment of the function, it cannot be applied directly for the inelastic scattering due to the orthogonality of the initial and final state wave functions. For the elastic scattering, by assuming the factorization of the A-body density and taking only one-step contribution [16] , we get
where Z is the atomic number of the target nucleus with
The same assumption is also applied to the inelastic scattering case (α = 0)
for proton and neutron excitations, respectively. To get an approximated Glauber amplitude, we take an average of the proton and neutron amplitudes as
This is nothing but the expression of the eikonal version of the distorted-waveimpulse approximation (DWIA) [32, 33] .
Wave function
As inputs to the theory, we need wave functions of the initial (ground) and final (excited) states of the target nucleus. For the sake of simplicity, in this paper, we consider the ground and excited states are respectively generated by the angular momentum projection of a single-Slater determinant intrinsic wave function. The wave function in the laboratory frame with the total spin J and its projection M is obtained by the angular momentum projection
is the Wigner D-function, and R(ω) is the rotation operator with respect to the Euler angles ω = (θ 1 , θ 2 , θ 3 ), which acts on the orbital and spin coordinates of the intrinsic wave function.
Note that the resulting total wave function is expressed with a multi-Slater determinant.
To make the calculation simpler, the intrinsic total wave function with the projection on the symmetry axis z is assumed as the product of the axiallysymmetric deformed harmonic-oscillator (DHO) single-particle wave functions
where φ, χ, and ξ respectively denote the orbital, spin, and isospin wave functions; andN j , n z j , Λ j , m j , andm j are the total quantum number, the quantum number of the symmetry axis, the projection of the orbital angular momentum onto the symmetry axis, the intrinsic spin, and the isospin of the jth nucleon, respectively. In this paper, we take up J π = 0 + , 2 + and 4 + states belonging to the ground-state rotational band of the three closed shell (Z = 6, 10, 14)
nuclei, 12 C, 20 Ne, and 28 Si. In the axially-symmetric DHO shell model, these positive-parity states correspond to K = 0. This model works well for these nuclei as was shown in Ref. [34] .
In the actual computations, the rotation with respect to θ 3 is redundant in the axially-symmetric case. To ensure 3 digit accuracy in physical quantities of the wave function, we take 20 points respectively for θ 1 and θ 2 , which results in a superposition of 400 Slater determinants at each angular mesh point whose
in Eq. (9)] are determined through the Wigner D-function.
Comparison of the theory and experiment

Properties of the wave functions
Configurations of the wave functions taken into account are summarized and listed in Table 1 . We assume that the proton and neutron configurations are the same. We remark that the single-particle energy of the DHO wave func-
is expressed by two parameters, the averaged oscillator frequency, ω 0 = (2ω ⊥ + ω z )/3, and the ratio of difference between the oscillator frequencies of the symmetric and the other axes to the averaged oscillator frequency, ǫ = 3(ω ⊥ − ω z )/(2ω ⊥ + ω z ), with the oscillator frequency of the symmetric axis z, ω z , and the one perpendicular to z, ω ⊥ . Obviously, the wave functions are oblate for 12 C and prolate for 20 Ne. For 28 Si, the oblate and prolate configurations can be assumed. The ground 0 + , and excited 2 + , 4 + states are generated by the angular momentum projection. The two parameters, ω 0 and ǫ, determine the characteristics of the wave function, that is, the nuclear size and the degree of deformation, and are fixed in such a way so as to reproduce the measured charge radius and the reduced electric-quadrupole transition probability simultaneously with the angular momentum projected total wave function for the 0 + and 2 + states.
We define some physical quantities which are useful to show the properties of the wave functions. The root-mean-square (rms) point-proton radius and the reduced electric transition probabilities with the multipolarity λ are respectively calculated by
and
As a measure of quadrupole deformation it is useful to calculate the quadrupole deformation parameter of the intrinsic wave function defined by
where It should be noted that all the physical quantities are measured from the origin of the single-particle coordinate in the present paper, which include the cm contribution. For spherical HO wave functions, we can exactly remove the cm wave function from the total wave function [19] , whereas it is not trivial in the case of the DHO wave functions. We, however, assume the origin of the coordinate as the cm of the system in the present paper. To keep the consistency in the calculations, we use the same wave function to the cross section calculations as well. Since the parameters in the wave function are fixed so as to reproduce some physical quantities without the cm correction, the cm effects are somewhat renormalized into those parameters through the fit. We confirm in 16 O case with the spherical HO wave function that the elastic scattering cross sections at the forward angles do not change with the cm corrected and uncorrected (refitted) wave functions. The little difference appears at larger scattering angles due to the correction factor exp(−ν 2 q 2 /4A) [19] , with ν being the size parameter of the HO wave function, multiplied to the elastic scattering differential cross sections. Figure 1 plots the elastic and inelastic differential scattering cross sections of the proton-12 C system. The Glauber calculations fairly well reproduce the elastic and inelastic scattering cross sections from the ground state to the 2 + and 4 + states up to the second cross section minima at incident energy from 50 to 800 MeV. Here we stress that the two parameters of the wave function are determined only from the static structure information, the rms radius and
Elastic and inelastic scattering differential cross sections
B(E2).
No adjustable parameter is introduced in this reaction theory, which strengthens the predictive power.
In order to compare the Glauber calculation with the standard approximated methods, we plot in Fig. 1 , the cross sections with the DWIA obtained by Eqs. (13) and (17) . For the elastic scattering differential cross sections, the standard OLA results given by Eq. (11) are also plotted. The OLA results are almost identical with the Glauber ones up to the second dip of the elastic scattering differential cross sections. The OLA takes into account most of contributions due to the multiple-scattering processes in the proton-nucleus scattering. We remark a recent interesting application of the OLA in which the surface diffuseness of the nuclear density distribution can be extracted from the proton-nucleus elastic scattering [52] . The standard OLA appears to be more efficient expansion than that done in the DWIA as the DWIA results can only reproduce the elastic scattering cross sections at the forward angle up to the first dip.
The deviation between the Glauber and DWIA calculations becomes more apparent in the inelastic scattering cross sections. Though the DWIA calculations reproduces the cross sections around the peaks, we see large deviation at the forward angles, and at the backward angles with increase in the incident energy. The deviation becomes drastic in the inelastic scattering cross sections to the 4 + state. This is because the one-step approximation made in the DWIA is not sufficient to describe the whole inelastic processes, whereas the present theory fully takes into account the multiple-scattering or multistep processes within the Glauber theory. We will address this matter in detail later in Sec. 4. A nuclear shape of 28 Si has been attracted much interest for a long time [59, 60, 61] . Recent microscopic model calculations showed the oblate and prolate shapes coexist in its spectrum [62, 63, 64] [65] . Since the difference becomes more apparent at the higher incident energies, measurement at such high energy will be important as it reveals the nuclear shape of 28 Si.
We note either the prolate or oblate shape are assumed for 28 Si wave function in this work. Use of a more realistic wave function with a mixture of the oblate and prolate shapes are interesting to be worth studying in the future. Refs. [57, 55, 56, 58] for the 0 + → 2 + inelastic scattering, and Refs. [57, 56] for for the 0 + → 4 + inelastic scattering.
Discussion: Incident energy dependence of the inelastic cross sections
We have confirmed that our theory shows a fairly good description of the inelastic scattering differential cross sections to the 2 + and 4 + states for 12 C, 20 Ne, 28 Si in a wide range of the incident energies. The magnitude of the inelastic scattering cross section to an angular momentum J state is expected to be proportional to the B(EJ) value. In this section, we discuss which structure information is actually probed by the inelastic cross sections through an analysis of their incident energy dependence. smaller with increasing the incident energies and again slightly increases at the higher energy end. We see some difference between the inelastic scattering cross sections to the 2 + state with the oblate and prolate wave functions of 28 Si at the low incident energies despite the fact that the two systems give the same B(E2) value, implying that the proton-nucleus inelastic processes at lowincident energies also contains the information other than that of the B(E2)
value but some dynamical properties of the scattering. The inelastic scattering cross sections to the 4 + state exhibit the same trend and their magnitudes are one order of magnitude smaller than those to the 2 + state. The cross sections tend to be larger at the low-incident energies where the effective interaction range becomes longer [18] because the rotational excitation takes place at the nuclear surface.
We also plot the results with the DWIA. For the 0 + → 2 + inelastic scattering, the DWIA calculations work fairly well as the deviation from the Glauber calculations are small at incident energies higher than ∼150 MeV, whereas they underestimate the Glauber cross sections at the lower incident energies. For 20 Ne, the DWIA calculations reproduce the Glauber calculations even at the low-incident energies except for the lowest cases where they are overestimated.
The effects of the multiple-scattering may be small as the 20 Ne nucleus is well deformed (β 2 = 0.572).
For the 0 The all discussions above become more transparent by calculating the inelastic scattering reaction probability distribution defined by
where how large these inelastic scattering cross sections in comparison to the total reaction cross section (σ R ). This will be practically useful to compare with the experimentally observed interaction cross sections (σ I ), which can directly be measured by the transmission method as a change of the mass number [66] that involves the inelastic cross sections to the bound excited states (BES). Since one needs to make complicated corrections to obtain σ R experimentally, for a practical reason, σ I ≃ σ R has often been assumed.
Though it may be a good approximation at high incident energy as all collisions lead to the direct breakup to the unbound states, this difference actually affects the precision of the radius extraction. The reliable estimation of the inelastic cross sections is important, e.g., for the precise determination of the neutron-skin thickness using the method proposed in Ref. [67, 22] in which the incident-energy dependence of σ R on a proton target is utilized. Though, in this work, the projectile nuclei is limited only to 12 C, 20 Ne, and 28 Si, it is useful to know how much contributions of such inelastic processes involved in σ R .
We quantify the energy dependence of the difference between σ I and σ R .
Theoretically σ R can easily be calculated by subtracting the survival probability |T 0 (b)| 2 from unity and integrating it over b as
To obtain σ I , one has to make corrections due to the inelastic processes to the BES, which make some complications to the theoretical calculations. σ I can be evaluated by subtracting all the inelastic cross sections going to the BES from σ R as 28 Si has the other BES which cannot be described by the rotational excitation. Therefore, the σ I values for 28 Si evaluated in this paper provide their upper limit. Figure 6 plots the ratio of the interaction cross section to the total reaction cross section, σ I /σ R . As expected, the difference between σ I and σ R becomes small with increasing the incident energies, which are 2-3% to σ R . Since the inelastic reaction or rotational excitation mainly occurs in the surface region of the nucleus, the inelastic cross section increases and becomes at most ∼ 5% contribution to the total reaction cross section at around 100 MeV, where the effective interaction range becomes longer than that at the high incident energy.
In the case of 20 Ne, where the B(E2) values are largest among the four wave functions, the difference becomes largest at most ∼ 7%, One needs to care about those possible uncertainties in the radius extraction using a proton probe. For unstable nuclei, in general, the number of BES is smaller than those of the stable nuclei. Thus, the difference of σ I and σ R is expected to be less (or zero, if there is no BES) than the cases presented in this paper.
Summary
In order to bridge the nuclear wave function with the direct reaction observables, we have performed a parameter-free reaction calculation for the high- where the nuclear excitation occurs mainly at the surface region. We find that the inelastic scattering differential cross sections to the 4 + state of 28 Si at the high incident energies are useful observable to study the details of the wave function, i.e., the nuclear shape. We have shown that the multiple-scattering or multistep processes are important in describing the 0 + → 4 + inelastic scattering cross sections, which is not only through the direct 0 + → 4 + transition but also through the other multistep transitions. As an application of this theory, we evaluate the contribution of the inelastic processes to the total reaction cross section which can be useful to estimate the uncertainties in the radius extraction from the interaction cross section measurement.
In this paper, we have tested the validity of our method for well-known nuclei using a simple deformed-harmonic-oscillator wave function. The reaction theory developed in this work is rather general formulation as it only requires a multi-Slater determinant wave function. Use of elaborated wave functions is interesting that unveils the structure of unstable nuclei and the role of the excess neutrons (protons) with a systematic measurement of the inelastic scattering cross sections. The extension along this direction is straightforward and will be reported elsewhere.
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